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ABSTRACT: A new, formally exact formula is derived for the steady-flow Newtonian intrinsic viscosity of
a polymer chain. The result is expressed as a sum of two terms: One is an upper bound for the exact intrinsic
viscosity and requires the evaluation of only two kinds of equilibrium moments of the friction tensor. The
other involves the velocities of the chain segments and vanishes only if the molecule rotates as a whole around
its center of mass with the rotational component of the solvent flow. The upper bound formula is found to
give the known exact results for the rigid rod, polygon, and dumbbell models and to be a very good approximation
for nearly rigid dumbbells. By explicit calculation for the stiff dumbbell model it is also shown that the coupling
between chain flexibility and hydrodynamic interactions causes segment motions to deviate from the rotational

component of the solvent flow.

1. Introduction

In their pioneering theory of the steady-flow intrinsic
viscosity, Kirkwood and Riseman! made two important
simplifications. First, ignoring the Brownian motion of
the polymer chain, they set the velocities of the chain
segments (or beads) equal to the rotational component of
the solvent flow field. Second, they preaveraged the Oseen
hydrodynamic interaction tensor over all conformations
of the molecule. It is now known from the work of Gotlib
and Svetlov? that these two approximations are not in-

tPresent address: Michigan Molecular Institute, Midland, Mich.
48640.

dependent. Rigid-body rotation in steady laminar flow at
low shear rates follows from the solution to the polymer
diffusion equation, regardless of the chain model consid-
ered, when the diffusion tensor is preaveraged. However,
when preaveraging is avoided, segment velocities generally
can deviate from the rotational part of the solvent flow.
This will be explicitly demonstrated in section 3 for the
stiff elastic dumbbell model. It is also implicit in the earlier
work of Pyun and Fixman® on flexible coils.

The work reported here was motivated by the desire to
develop an exact Kirkwood-Riseman theory for the
steady-flow Newtonian intrinsic viscosity. Our goal was
to avoid the two above approximations and obtain a for-
mula involving only equilibrium averages of quantities

0024-9297/81/2214-1531801.25/0 © 1981 American Chemical Society
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independent of specific solutions to the polymer diffusion
equation. All such model-dependent information would
instead be contained in the potential of mean force that
determines the equilibrium distribution function used in
the averaging. Such a model-free formulation might be
valuable, for example, in Monte Carlo calculations for
complex models not conducive to analytical treatment.

We have been only partly successful in our efforts. The
formula we present is a sum of two types of terms. One
class depends on the segment velocities, which, at present,
must still be obtained by solving a model-specific polymer
diffusion equation. In a recent calculation, Zimm* assumed
that rigid-body motion is a sufficiently accurate description
of the chain dynamics in low shear rate flow. However,
as noted above and illustrated in section 3, flexible mol-
ecules with nonpreaveraged hydrodynamic interactions do
not strictly conform to rigid-body rotation, even at low
shear rate. The remaining class of terms in our formula
involves only certain equilibrium moments of the chain
friction tensor and, therefore, do satisfy our goal. These
terms, in fact, are exact for certain rigid bodies of revo-
lution, as will be shown in Appendix A. Qur general
conclusions are similar to those reached by Iwata.?

In the next section, we derive a general expression for
the intrinsic viscosity in terms of the chain friction tensor.
In section 3, the stiff elastic dumbbell model is examined
in detail for small deviations from rigidity. Deviations
from the rigid-body solution for both the relative bead
velocity and the intrinsic viscosity are explicitly calculated.
Finally, in two appendices, the solution for rigid bodies of
revolution is presented, and analytical implementations
of the “exact” rigid-body formula are illustrated for the
rigid polygon and rigid rod models.

2. Derivation

We begin with a familiar prescription® for the intrinsic
viscosity [n]:

Ny
Mng?

Here N, is Avogadro’s number, M is the polymer molecular
weight, no is the solvent viscosity, g is the shear rate, v,°
is the externally imposed solvent flow, and F is the fric-
tional force exerted on the fluid by segment j. The angle
brackets denote an average taken with respect to the
nonequilibrium chain configuration distribution function
f. Many of our subsequent equations, including our
principal result, will involve only averages with the equi-
librium distribution function f,; these will be indicated by
the subscript e: ( ).

The force F; arises from the motion of the segment
relative to the surrounding solvent

Fj = ?j(uj - Vj) (22)

] =~ ;(Fj ;%) (2.1)

Here w; and v; are the velocities of the jth segment and
the solvent at the segment’s position r; [=(x;y;2;)] and
{; is the friction coefficient. The velocity field v; differs
from the value v it would have in the absence of the
polymer molecule because of hydrodynamic interactions
between chain segments. The difference is a sum of extra
velocity fields produced by the forces exerted on the sol-
vent by all other segments and is given by

Vj - ij = ZTJk 'Fk (23)
k#j

Here T}, is a hydrodynamic interaction tensor to be de-
termined from the Navier-Stokes equation. A particular
formula for T, is not required at present. On combining
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eq 2.2 and 2.3, we can eliminate the actual velocity field
from F;7

F;= %fjk'(uk -0 (2.4)

Here the friction tensor, {j, is related to the diffusion
tensor Dj, by the equations

S = kgT(D™Y), (2.5a)
Djk = kBT(g_j_l(SjkI+ Tjk) (25b)

where kg is Boltzmann’s constant and T is the absolute
temperature.

To simplify the remaining presentation in this section,
we adopt a matrix notation: every vector is to be under-
stood as a column vector whose elements are 3-vectors
referring to individual segments of the polymer, and D and
§ are square matrices whose elements are D;; and {;;, re-
spectively.

Equation 2.4 can now be written as

F=¢(u-v9 (2.6)

An alternative equation for F can be found by balancing
the frictional, entropic, and intramolecular forces acting
on the chain elements:

F =-kgTV Inp 2.7
where

P =f/fe ) (2.8)

With the continuity equation, eq 2.6 and 2.7 determine
the Smoluchowski equation that describes the chain
Brownian motion in configuration space. For steady flow,
this can be written compactly as

VI.D-fVp = VT.(v%f,) (2.9)

where superscript T denotes the transpose of a matrix.

Now we consider a simple shear flow, v°, which is de-
composed® into irrotational and rotational components, vi
and v,

vl =vi4+ v (2.10)

with the elements
v)=gye, (2.11a)
vi=(g/2)ye. + xe,) (2.11b)
vi=(g/2)(ye, - xm,) (2.11¢)

Here e, and e, are unit vectors in the laboratory-fixed
Cartesian Frame. Using eq 2.10, we rewrite eq 2.1 as

1] = -Na(Mneg®) '[(FTvi) + (FT.v")]  (2.12)
Next, we examine the second term more closely. With the

aid of eq 2.7 and 2.11¢ and following an integration by
parts, we find

gUFTv) = (kgTg (VT In f,)-v")

The quantity being averaged on the right-hand side of this
equation is just the 2 component of the torque induced by
intramolecular forces among chain elements, and it must
vanish for any chain conformation. Hence we have

(FTvf) = 0 (2.13)
With eq 2.6 we may now rewrite eq 2.12 as
[n] = Na(Mngg) ' [((v)Tg v = (vV)To¢ )] (2.14)

where
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vV=u-v (2.15)

The second term of eq 2.14 may be expressed in a sym-
metric form in the limit of g — 0. To show this, we first
multiply eq 2.9 by p and integrate over all chain coordi-
nates in order to find the relation

((VTp)D-Vp), = ((v)T-Vp) (2.16)
Next, combining eq 2.6 and 2.7, we obtain
D-Vp = ~(u - v%p (2.17)
so that eq 2.16 now becomes
((VTp)-(v* = w)) = ((VTp)-v0) (2.18)
With the aid of eq 2.7, eq 2.18 implies that
((VTp)u) = (pFTu) =0 (2.19)
Next, for small g we expand p as
p=1+gfi+0@g) (2.20)

It is now apparent from eq 2.6, 2.7, 2.11, and 2.20 that both
F and u are proportional to g in lowest order. Equation
2.19 can now be seen to have the limiting property

lim g2(pFT) = lim g 2(FTu), =0
g0 80
and because, to lowest order in g, g 2(FT-u), is independent
of g, we may conclude that
(FTu), =0 (2.21)
for small g.
Restricting our attention to the small g limit, we next

subtract eq 2.13 from eq 2.21 and use eq 2.6 and 2.15 to
find

(FTow)e = (v - ¥)T¢ v/) = 0 (2.22)
Hence, we see that
(W)L v = (V)5 V), (2.23)

Use of eq 2.23 enables us to write eq 2.14 in the symmetric
form

[n] = NaMnggd) (W) T ) = (W)TE V)] (2.24)

for the zero shear rate intrinsic viscosity. Only equilibrium
averages are required here becuase both vi and v’ are
proportional to g in lowest order. Furthermore, from eq
2.15, 2.17, and 2.20 we find, for small g, that v’ depends
only on vi and f;

v =u- v =vi-gDVf

and from eq 2.9 and 2.20 that f;, in turn, is fully deter-
mined by just v!

gVT-D-Vf, = viVf,

Thus, the zero shear rate intrinsic viscosity is independent
of whether simple shear flow or irrotational flow is chosen,
a point exploited long ago by Kramers.®

The favorable feature of eq 2.24 is its clean separation
into two symmetric terms. Because of this symmetry we
can derive an upper bound to the exact intrinsic viscosity
for any model. The second term of eq 2.24 is quadratic
in v/ and can be transformed into diagonal form by an
orthogonal matrix, O. The correct friction tensor must
have positive eigenvalues A;; otherwise its inverse, the
diffusion tensor, would contain singularities. Therefore,
the second sum is nonnegative

(veEv) = (VA 20 (2.25)
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where
V= ZOiJTVj' (2.26)
i

The equality in eq 2.25 holds if and only if V; = 0 = v/
for all { and j, i.e., if

u=v' (2.27)

In this case the first term in eq 2.24 remains as an upper

bound:
Ny
[n] = 2Mn, JL; (S yade + (i™xp)el (2.28)

This result is clearly model free in the sense mentioned
in the Introduction. Under preaveraging of the hydrody-
namic interactions, eq 2.27 is not only exact, but the off-
diagonal components of the friction tensor, {*”, are absent,
and eq 2.28 simplifies to a previously known result.2910
However, it should be noted that the preaveraged result
is not always an upper bound to the exact one. For com-
plete neglect of the hydrodynamic interactions, the friction
tensor is diagonal in j and &, {; = {61, and eq 2.28 re-
duces further to a slightly more general form of the early
result of Kramers® and Debye.!!

In Appendix A, using Kirkwood’s approximate expres-
sions for the diffusion tensor and segment velocities, we
show that eq 2.27 and 2.28 are valid for all rigid bodies of
revolution whose translational and rotational motions are
not coupled. Further, in Appendix B, avoiding Kirkwood’s
approximations, we demonstrate that eq 2.28 gives exact
results for the rigid polygon and rigid rod models. In the
next section, we show that eq 2.28 is also exact for the rigid
dumbbell model.

3. Stiff Elastic Dumbbell

The simplicity of the dumbbell model has long made it
a favorite candidate for analysis.!?'®¢ Here, an exact
perturbative analysis in terms of the reciprocal force
constant of the stiff elastic dumbbell model (Fraenkel!?
dumbbell) will enable us to assess the importance of the
segment velocity dependent term in our prescription for

[n].
In terms of the position vector r for the relative sepa-
ration of the two beads with identical friction constants,
the dumbbell diffusion equation for steady flow reads

VD [Vf + (kgTYUTU)f] = VvOf (3.1)

where v° = v,° - v, and U is the dumbbell potential en-
ergy. With the modified Oseen tensor,'” the diffusion
tensor D, can be expressed as

D, = D[I - (h/r)I + ee,) - (2/3)(ha?/r3)(I - 3e.e,)]
8.2

where e, is the radial unit vector, a is the bead radius,
h = kgT/(47noD)
and
D = 2kgT/¢

After specializing to shear flow, v° = ye,, substituting
for f the expansion

f=1(+gfi+.)

and converting to spherical coordinates, we find that the
angular dependence of eq 3.1 may be satisfied by writing

f1 = x(r) sin? @ sin 2¢ (3.3

To lowest order in g, x(r) satisfies the following equation,
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which is still valid for any dumbbell model:

1d L dU d 6q(r)
D{[; o ReDT g [P0 3 - }x(r) =

r dU
“2keT dr (34)
where
2h = 4ha?
= 1 —_—— Jinkihadi
p(r) 3
and
h  2ha?
=] - — - —
q(r) P

The potential energy for the stiff elastic dumbbell is given
by

U= 1/2K(r - b)2 = %kBTE2

where « is the force constant and b is the dumbbell
equilibrium length. For very large «, the dumbbell will
execute low-amplitude oscillations about its equilibrium
length b, and inverse powers of r may be expanded in terms
of the deviation r - b

r—b=uf
where v is the stiffness parameter
v = kgT/xb?

Equation 3.4 can then be solved perturbatively in terms
of the Hermite polynomials H,(£). The solution is

x = (b%/4D)cop + vey Hy(§) + v¥(cgo + cooHy() +
v¥(caH1(§) + cxHy(®) + ..} (3.5)
where
Hi(® =t Hy§)=§-1 Hy)=¢-3¢
co=1/1-A-0a)
ey = 2/(1 -2\ + 2a)
Coo = Coo[l + (A + Ba)egy = (A + 3a)ey]
299 = cp3[1 - (A = Ba)ey]
ca1 = 3cgz — 3y [(N + Ba)egy + (N - 3a)eyy]

3egg = c1r’[(A - 3a)?eqy - 3a]
and finally

_k 2 2M[a)?
)\—b a = (b) (3.6)

Next, the relative bead velocity u may be calculated from
the equation

u=v’-gD,.Vf, 3.7

After decomposing v° into rotational and irrotational flows,
we obtain from eq 3.2, 3.3, and 3.7

u - v* = gu, sin? 0 sin 2¢e, +
gus(sin 260 sin 2¢e,; + 2 sin 8 cos 2¢e,) (3.8)

where

r dx
o= Dp(r) I 3.9

r X
Ho= g Dq(r) = (3.10)

Macromolecules

Using eq 3.5 with eq 3.9 and 3.10, we find to order »* that
ur = 302Ab (3.11)
and

8us/b = —4vAH, () + l4A + [2(2\ + a)ce +
(A = 15a)ey; + (A — 3a)c 2] Ha ()} (3.12)

where
2A = (A + 30()000 + (A - 3(1)011

From these equations it is easy to see that the nonzero
velocity deviation, u — v*, arises from the coupling between
the dumbbell’s flexibility and the hydrodynamic interac-
tions. Clearly, in either the free-draining limit (A, a = 0)
or the rigid limit (v, £ = 0), the deviation vanishes and the
dumbbell just follows the rotational part of the solvent
flow. If the velocity deviation (to order v) is transformed
back to the laboratory Cartesian system, we find the ex-
pression

u-vi=
=2A(r — B)r¥[(yr? - 2z%y)e, + (xr? - 2xy?e, - 2xyze,]

The existence of x and y components is perhaps not sur-
prising, but the presence of a small z component to the
dumbbell velocity is interesting. A loose interpretation of
this is that the dumbbell “wobbles” slightly in the z di-
rection as it tumbles in the x—y plane.

To finish the calculation of [#], we note that D, is di-
agonal in the spherical coordinate system, so its inverse
is easily computed. After averaging over the angular de-
pendence, eq 2.24 and 3.8 give

= N“kT[ 2/ (), + (12 /q(r)), -
7] = Segeap | /PO + 502 /a0,

4>/ (), - 24(#02/q(r))r] (3.13)

and only equilibrium averages with respect to r remain.

Aside from the specific representation used for D,, this
equation is a general result valid for all dumbbell models.
A particular model dependence enters through the func-
tions u, and u,, defined in eq 3.9 and 3.10, and through the
equilibrium distribution function f,.

With x given exactly by eq 3.5 to order »3, [4] can be
calculated exactly to order »* from eq 3.13. Rather than
perform the tedious expansions and averages needed to
explicitly display [#] through terms of order »*, we chose
to calculate [#] by numerically evaluating the required
averages. By so doing, some higher order terms arising
from r! and r3 are retained, but these should contribute
negligibly for the small values of » used.

In Figures 1 and 2, [n] is plotted as a function of the
dimensionless hydrodynamic interaction strength param-
eter \ for three values of the stiffness parameter ». Also
shown are the results for the rigid rotation approximation
[7]R, given by the first two terms of eq 3.13, and for
preaveraged hydrodynamic interaction, [n]F:

_ NpkgT (r?),
0 = SaD 1= @, O

Both [4]F and [5]® were calculated numerically and are
exact to all orders in ». Figure 1 contains the results for
the usual Oseen tensor, and Figure 2 those for the modified
Oseen tensor. In the calculations, Stokes’ law for the
no-slip boundary condition was used to evaluate the bead
friction coefficient. The dimensionless hydrodynamic in-
teraction strength parameter A can then be expressed as
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Figure 1. Intrinsic viscosity of the stiff dumbbell for the Oseen
tensor plotted vs. hydrodynamic interaction parameter A. The
dimensionless quantity 15MnoD[n]/(NAb%kgT) is shown for three
values of the stiffness parameter: »? = 0, 0.02, and 0.04.
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Figure 2. Intrinsic viscosity of the stiff dumbbell for the modified
Oseen tensor plotted vs. hydrodynamic interaction parameter A.
The dimensionless quantity 15MnoD[n]/(Nab*gT) is shown for
three values of the stiffness parameter: »* = 0, 0.02, and 0.04.

A = (3/4)(a/b). The plots are carried out to A = 3/8 which
corresponds to the touched-bead limit.

As can be seen from eq 3.11, 3.12, and 3.13, [#]R is an
exact result for » = 0, i.e., in the rigid dumbbell limit, For
nonzero values of », [#]® clearly serves as a good approx-
imation for the exact intrinsic viscosity. Some other fea-
tures of the results can be noted. First, the calculations
of [1] and [5]® using the modified Oseen tensor lie much
closer to [5]F than do the results based on the Oseen tensor.
Second, the character of the rigid-rotation approximation
as an upper bound is evident. Finally, the exact curve for
v? = 0.04 displays a maximum near the touched-bead limit
when the Oseen tensor is used. For larger values of v
(results not shown), [) actually becomes negative near the
touched-bead limit. The problem is probably due to a
combination of poor convergence of the series expansion
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of x and inadequate treatment of hydrodynamics at small
bead separations. This latter difficulty is ameliorated
somewhat by the use of the modified Oseen tensor, but
even in this case for large enough values of » the abnormal
behavior appears.

4. Summary

We have presented a new formally exact formula, eq
2.24, for the steady-flow Newtonian intrinsic viscosity.
This result requires the evaluation of several equilibrium
averages involving the chain friction tensor and, in general,
the velocities of the chain segments. If the molecule rotates
rigidly with the rotational component of the solvent flow,
the velocity dependence disappears and the formula re-
duces to eq 2.28, which is an upper bound to the exact
intrinsic viscosity for any polymer model. This latter result
is couched solely in terms of certain equilibrium moments
of the chain friction tensor. The only dynamical infor-
mation needed for its implementation is the specific co-
ordinate dependence of the chain friction tensor, which
is also a prerequisite for other methods of calculating the
intrinsic viscosity. This model-free character makes eq 2.28
a desirable candidate for use in Monte Carlo calculations
that avoid preaveraging the hydrodynamic interactions.
In addition, eq 2.28 is exact for all rigid bodies of revolu-
tion, if Kirkwood’s approximate formula for the chain
diffusion tensor is assumed. Independent of this latter
approximation, eq 2.28 was also shown to give exact results
for the rigid dumbbell, rigid polygon, and rigid rod models.

Our calculations for the stiff elastic dumbbell model
showed that eq 2.28 is a very good approximation for the
exact intrinsic viscosity near the rigid dumbbell limit.
They also explicitly demonstrated that the motion of a
flexible dumbbell in the presence of hydrodynamic in-
teraction does not strictly conform to the rotational com-
ponent of the shear flow. This deviation is caused by the
coupling between the dumbbell’s flexibility and the hy-
drodynamic interacitons. In general, this type of behavior
is to be expected for any flexible molecule when hydro-
dynamic interactions are not preaveraged.
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Appendix A. Solution for Rigid Bodies of
Revolution

This analysis is most readily carried out by using the
general Riemann tensor formalism of Kirkwood.8181% For
molecules with cylindrically symmetric distributions of
chain segments, Hearst? has calculated the components
of the covariant and contravariant metric tensors, g,4 and
g%, and the diffusion tensor D%, His results may be
adopted with only minor modifications. We replace his
notation ([, my, n,) for the molecular coordinates of the
kth chain segment with (X, Y,, Z,); his quantities o and
8 will be designated A and B, where

A= ;Xﬁ = ZI:Y[" (A1)

B= ;le (A-2)



1536 Wilemski and Tanaka

and averages appearing in his equations for «, 8, and D*®
are no longer necessary because the chain segments are
rigidly distributed. The molecular coordinates are related
to the laboratory-fixed reference system with unit vectors
e, e,, and e, by means of the Euler angles 6, ¢, ¥ as defined
by Hirschfelder, Curtiss, and Bird.?* With this choice, 6
and ¢ can be identified as the usual polar and azimuthal
angles, respectively, in a spherical coordinate system.
Hearst used another definition, but this does not affect
the formal expressions for g,4, g°%, and D*.

For steady, shear flow prescribed by eq 2.10a, the gen-
eralized diffusion equation with no external or “soft” in-
ternal forces can be obtained from eq 32.25 of Yamakawa:®

Lf =-Qf (A.3)
where
1 9 3
- o] —— L o3 —_
L smoap Rfigt

1 9 3\ 8
(M(”_d)_COtoﬁ) ]+Dl6_¢2(A.4)

Q= (85/4)[6 sin? 4 sin 2¢ — sin 26 sin 2¢ % -

d ¢}
S 9
2(cos 2¢ — &71) 3% + 2 cos 8 cos 2¢ ) (A.5)
d=(B-A)/(B+ A) (A.6)
and
D, = D% - cot? 6D% (A7)

The next step is to evaluate the velocities of the chain
segments u; with the formula®

IR, dlnf \ R
u=Yu—= a _ S ped —L | — A8
! au dq* ;(v SE: aq? ) dq® (A.8)

The contravariant components w*® of a vector w; are readily
evaluated with the two defining equations

w* = 2 g*%wg (A.9)
8
- Tw B (A.10)
wﬂ = IWl aqﬁ .

The position vector R, can be written in terms of the
molecular coordinates and the laboratory-fixed unit vectors

as
ex
Ri= (X3 Yy Z))E ey (A.11)
\]
where the Euler matrix E is given by
COs & COS ¢ COS ¢ — cos 8 sin ¢ cos y — —sin 8 cos ¢
sin ¢ sin ¢ cos ¢ sin ¢
E =|-cos 6 cos ¢ sin y — —cos 9 sin ¢ sin y + sin 6 sin y
sin ¢ cos ¢ CcOs ¢ COS ¥
sin g cos ¢ sin 6 sin ¢ cos 6
(A.12)

From eq 2.11a and A.10 to A.12, we then find the rela-
tionship

dE; dE,; dE4;
vﬂ0=g[A(E12-a'q—ﬁ+E22—a;E' + B Esz(?_qﬂ

(A.13)

Macromolecules

After further algebra we obtain the results
v¥ = (g6/4) sin 28 sin 2¢
v® = (g/2)(6 cos 2¢ — 1)
v® = —(gd/2) cos 8 cos 2¢

To lowest order in g, the solution to eq A.3 does not depend
on ¥ and is given by

dxf =1+ (3g67/2) sin? 8 sin 2¢ + O(gd) (A.15)

(A.14)

where
71 =6D%¥ (A.16)

A straightforward computation of u* then produces the
results

=0
ub = —g/2 (A.17)
w=0

To interpret these results, we use eq 2.11c and A.10 to A.13
to express vg' as

1
Uﬁr - §Uﬂ0 -

g 6E12 6E22 6E32
| A\ Ey —- +Ey — )+ B\ By, —
2[ ( 11 aqﬂ 21 6q5 31 aqﬁ

and with eq A.9 we find

vt =0
Ut =-g/2
vV =0

Equality of the contravariant components u* and v
confirms the expected result

(A.18)

Thus the rigid body of revolution strictly follows the ro-
tational stream lines of the shear flow, and the second term
of eq 2.24 vanishes, leaving us with the exact result, eq 2.28.

A possible limitation on the results of this section may
arise because the theory is based on approximate expres-
sions for the velocity components u* (shown in parentheses
in eq A.8) and for D%

D% = kgT(g*#/¢ + T9)

w = Vlr

(A.19)

where 799 is a contravariant component of the Oseen
tensor. Both equations were orginally thought by Kirk-
wood to be exact but were subsequently shown to be ap-
proximate.!%%

The consequences of these approximations have never
been systematically explored, but the few calculations that
have been done with Kirkwood’s theory give results that
are either exact (at least asymptotically for large V) or very
close to exact when compared with results obtained with
other methods. For example, for the rigid rod the Kirk-
wood theory yields the right answers for the translation-
a2 and rotational diffusion®? constants. On the other
hand, the correct translational diffusion coefficient for a
rigid polygon calculated by Zwanzig® and by Paul and
Mazo? is smaller by the factor 11/12 than the value ob-
tained with the Kirkwood approximation. Paul and
Mazo? have studied the rigid polygon model in detail,
avoiding the use of Kirkwood’s tensor formalism. Their
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work is thus a valuable reference point for assessing further
consequences of Kirkwood’s approximations. Comparing
with their results, it can be seen that the diffusion equa-
tions are identical and that the formal relationships de-
rivable from eq A.19

cot? 8D = cos? 6D% = —cos D% = DW - D,  (A.20)

are also correct. Furthermore, D¥ agrees asymptotically
with its counterpart D in the Paul-Mazo work, but the
component D, differs from the Paul-Mazo value for D 5
by the factor 3/4:

Thus, although the Kirkwood approximation preserves the
form of the diffusion equation and gives the correct rela-
tionships among the D*, eq A.20, the expression for DV
is incorrect since it depends on D .

The latter discrepancy does not affect the Newtonian
intrinsic viscosity. To lowest order in g, f does not depend
on ¥, so [] depends at most on D% or 7 (eq A.16). In fact,
it is only the frequency dependence of [n] that is deter-
mined by D¥; the steady-flow Newtonian intrinsic viscosity
is not. For example, to compute [#] one may use the
method of Kirkwood and Auer,? which, in essence, is the
calculation of w; using the approximate eq A.8. This
calculation actually depends only on the form of f and on
the relationships expressed in eq A.20 but not on the
specific value of D%, which eventually cancels out at zero
frequency.

In summary, it is the form of f (eq A.15) and of the
relationships in eq A.20 that guarantee the validity of eq
A.18 when the velocities u; are calculated with the ap-
proximate eq A.8. The particular values of any of the
nonzero D play no role in achieving this result. In the
present treatment, then, the correctness of eq 2.28 for rigid
bodies of revolution depends on the adequacy of eq A.8
for this class of models. We have not made any further
mathematical analysis of this point.

A final note of caution concerning eq A.18 is warranted.
Although this result is intuitively pleasing in that one
expects fully symmetric rigid bodies to follow the rotational
component of the shear flow, the present theory takes no
account of possible coupling between translational and
rotational motion. Because of this, the conclusions ex-
pressed here are likely to hold only for rigid bodies of
revolution that are also symmetric with respect to a plane,
perpendicular to the axis of revolution, that bisects the
molecule. For a less symmetric body, e.g., a funnel or cone,
hydrodynamic interactions undoubtedly produce transla-
tion-rotation coupling® which results in motions more
complicated than those described by eq A.18.

Appendix B. Rigid Polygon and Rigid Rod

Analytical methods of implementing eq 2.28 are illus-
trated here for the rigid plane polygon and the rigid rod.
These methods do not involve the use of Kirkwood’s ap-
proximate formula for the chain diffusion tensor.

(i) Rigid Plane Polygon. The N beads of radius a and
friction constant { are arranged in a regular plane polygon
with sides of length b and radius R = b(2 sin ¢/2)!, where
¢ = 2w /N. The analysis is easier to perform using mo-
lecular coordinates R; with components X, Y, and Z,. The
x unit vector 8; of the molecular coordinate system points
at bead N; the z unit vector 85 is orthogonal to the plane
of the polygon, and the y unit vector &, lies in the plane
and completes the right-handed orthonormal set. The
Euler matrix E relates the molecular frame unit vectors
to those of the laboratory frame: & = Ee. We thus
transform eq 2.28 to read
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[n] = Na(2Mno)'Q (B.1)

where

Q=
i

M=
Mo

1((X1E13 + YiE) Eoo$1,"?[Ego( X E5 +
Y,Ey3) + Egy(X,Eyg + Y,Ep)]), (B.2)

The key to this calculation is the exact inversion of D
using the method of Paul and Mazo (PM)? as modified
slightly by Yamakawa and Yamaki (YY).®® We also
slightly extend the PM result for [7] by employing for D;;
the positive definite form of Rotne and Prager'™ an
Yamakawa.l?

To proceed we perform the Euler angle averages in eq
B.2, substitute for X, (=R cos l¢) and Y; (=R sin I¢), and
express ), as

la

$e = WIB()$,/B(s)W
where
$u” = I+ {T),

W and B are defined by YY and T}, is displayed in eq 14
of YY. Upon introducing the Fourier expansion of {;,”

$u’ = NZk)exp[ik(l - 8)¢15(k)
and after performing lengthy algebra, one can express eq
B.2 as

Q = (NR?/60){6[511(-2) + $(2)] + 3[Faa(-1) +
Caa(D)] + £11(0) + $50(0) + 12(0) + £5:(0)) (B.3)

The nonzero elements of {(k) are found to be

$u = Dy ML + (3N/2)(Sks1 — (62/18) Ti41)]

$2 = DL + (30 /2)(Spy — (2/18)T-y)]

$a3 = [1 + NS, + (62/6)TW]!
$12 = o1 = Dy MV /2)(Sk - (02/2)T))
where D, can easily be calculated from the equation
Dyt = $iifes - Gialm
and
A = {/(8mneb) (B.4)
and
oc=2a/b

The sums S, and T, have been defined and evaluated by
YY. Noting that S; = S_; and T}, = T.;, we combine eq
B.1 and B.3 to yield

[n] = NaN(R2(60Mno) (£ + 6&p + 8c)  (B.5)
where
Ea =11 + (\/2)[38; - S, - (¢*/18)(Ty - 9TY I}
£s = {1 + B)/2)[S; - (6*/18)T1]}D;!
fc = {1+ NS, + (*/8)Tu)}?

Note that for ¢ = 0, eq B.5 reduces to the earlier result
of Paul and Mazo.? (There is an obvious misprint in their
expression for £g. However, the asymptotic value of [5]
for large N is unaffected by this difference.)

It is worthwhile to compare the above result with other
exact and approximate results for the same and a related
model. First we present the expression that occurs when



1538 Wilemski and Tanaka

D is preaveraged. The necessary analysis is easily per-
formed by the method just outlined. We find (superscript
P stands for preaveraged D):

NANg-RZ 1
6Mn, 1+ (40/3)S,

For large N, we obtain

[9]F =

N,L® 1 [ (7r) 3
s Nl TNl B\g) it
(B.6)

L =Nb=2xR

and vg is the Euler constant (=0.5772...). When eq B.5
is also expanded for large N, we obtain

17N, L3 1 [ (1r) 453
= ormm N Y NP \2) et 170 -

31 Ka2] +.4 @

where
= (11/102){r(3) = 0.1296

and {y is the Riemann zeta function. Comparing only the
asymptotic limits of eq B.6 and B.7, we have

[n]/[n]F = 17/15

or about a 13.3% enhancement because of the avoidance
of preaveraging. It can also be seen that because S, ~ 2
In N and T, ~ constant for large N, use of the modified
diffusion tensor does not affect the asymptotic value of [7].
Thls result is not surprising in view of the shorter range,
R;;3, of the additional term of the modified tensor com-
pared to the original Oseen tensor, which goes as R,
Equations B.6 and B.7 also agree asymptotically with the
results of Fujii and Yamakawa,?! who calculated [5] for the
wormlike ring model using the Oseen-Burgers method with
and without preaveraging the hydrodynamic interaction.

Because of the fundamental difference of the two
models, the PM result (eq B.5 with ¢ = 0) and the Fujii-
Yamakawa result differ in higher order beyond the as-
ymptotic limit. Even in the touched-bead limit (¢ = 1),
significant disagreement still remains in higher order.
Similar behavior has been found for the broken-rod
model.3?

(ii) Rigid Rod. The rod molecular weight is M = 2N
+ 1)M,, and the length is L = 2Nb. We use eq 2.5b for
D and conveniently expand eq 2.5a as

$ij = §Mo;; — {Ty+ 2 X Ty Ty - .0)
k#i,j

In a spherical coordinate system with origin at the center
of mass and unit vector e, along the rod axis, the Oseen
tensor has the form

$Ti = NI+ ee)li — JI™

where A is defined in eq B.4, and the averages required for
eq 2.28 can easily be done term by term. The two resulting
infinite series can then be rearranged to read
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[7] = NA&'bZ(BOMno)'IZ{%[i - 2>\Zjli -+
4>\22 2]|l - k[ k- Jl"1 + .0+
ki jk
Bl - AZji -+ N2 Zjli -k + LD
i k=i j=k
(B.8)

Each of the sums in square brackets can be recognized as
the infinitely iterated solution to the equation

vi\) =i~ >‘§'¢’j(>\)|i -Jt
J=i
By defining

N
F(\L) = [3/(2N?)] ,ENN«'(X)

we can put eq B.8 into the form of Kirkwood and Auer:2
NSL?
180M¢n

The remaining analysus can be done following Ullman.3

(n] = [F(2>\,L) + /2)F(\L)]
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